We study the divisibility in generalized Fibonacci sequences (G n ) n≥0 defined by G 0 = 0, G 1 = 1 and G n = pG n−1 + qG n−2 for n ≥ 2, where p, q are given integers. As corollaries, we give some divisibility properties on some well known sequences.
INTRODUCTION
Let N be the set of positive integers 1, 2, 3, · · · and Z be the set of all integers. Given p, q ∈ Z, the < p, q >-Fibonacci sequence (G n ) n≥0 is defined by G 0 = 0, G 1 = 1 and G n = pG n−1 + qG n−2 for all n ≥ 2.
For rich applications of these sequences in science and nature, see for examples [8, 9, 14] .
For n, m ∈ Z, we use n | m, n ∤ m and (n, m) to denote that n divides m (i.e., there exists k ∈ Z such that m = kn), n does not divide m and the greatest common divisor of n and m (if n = 0 or m = 0) respectively. Note that 0 | 0. An integer sequence (a i ) i≥0 with the property that n | m implies a n | a m for all n, m ≥ 0 is called a divisibility sequence. For all p, q ∈ Z, by induction it is not difficult to prove that the < p, q >-Fibonacci sequences are divisibility sequences (see for example [7, 2.2 Proposition] ). On divisibility of the terms by subscripts, we refer the reader to [1, 6, 11, 12] . In this paper we study some new divisibility properties in generalized Fibonacci sequences. The following theorems and corollaries are our main results. Theorem 1.1. Let p, q ∈ Z, (G n ) n≥0 be the < p, q >-Fibonacci sequence and r = p 2 + 4q = 0.
(1) For all s ∈ N satisfying s | r and for all integers k, n ≥ 0, we have s k G n | G s k n .
(2) Suppose that p is odd, (p, q) = 1 and s ∈ N satisfying s | r or p is even, ( p 2 , q) = 1 and s ∈ N satisfying s | r 4 or (p, q) = 1 and s ≥ 3 is a prime satisfying s | r.
If 3 ∤ q + 1 or 3 ∤ s, then for all integers k, n ≥ 0, s k | n if and only if s k | G n . Theorem 1.2. Let p, q ∈ Z, (G n ) n≥0 be the < p, q >-Fibonacci sequence, r = p 2 + 4q = 0 and s ∈ N. Suppose that p is odd, (p, q) = 1 and s | r or p is even, ( p 2 , q) = 1 and s | r 4 or (p, q) = 1 and s is a prime satisfying s | r. Noting that the classical Fibonacci, Pell and Jacobsthal sequences are exactly the < 1, 1 >, < 2, 1 > and < 1, 2 >-Fibonacci sequences respectively, Theorem 1.1 and Corollary 1.3 imply the following. (1) Let (F n ) n≥0 be the Fibonacci sequence defined by F 0 = 0, F 1 = 1 and F n = F n−1 + F n−2 for all n ≥ 2.
1 For all integers k, n ≥ 0, we have
2 For all integers k, n ≥ 0, 5 k | n if and only if 5 k | F n .
(2) Let (P n ) n≥0 be the Pell sequence defined by P 0 = 0, P 1 = 1 and P n = 2P n−1 + P n−2 for all n ≥ 2.
1 For all integers k, n ≥ 0, we have 2 k P n | P 2 k n .
2 For all integers k, n ≥ 0, 2 k | n if and only if 2 k | P n .
(3) Let (J n ) n≥0 be the Jacobsthal sequence defined by J 0 = 0, J 1 = 1 and J n = J n−1 + 2J n−2 for all n ≥ 2.
2 For all integers k, n ≥ 0,
The next corollary focuses on < p, 1 >-Fibonacci sequences, which have received a lot of attention in recent years (see for examples [3, 4, 5, 13] ). Corollary 1.5. Let p ∈ Z, (G n ) n≥0 be the < p, 1 >-Fibonacci sequence, r = p 2 + 4 and s ∈ N. If p is odd and s | r or p is even and s | r 4 or s ≥ 3 is a prime satisfying s | r, then for all integers k, n ≥ 0,
Besides, we have the following. Corollary 1.6. Let q ∈ Z and s ∈ N. Suppose that (G n ) n≥0 is the < 1, q >-Fibonacci sequence and s | 4q + 1 or (G n ) n≥0 is the < 2, q >-Fibonacci sequence and s | q + 1. We give the last corollary as follows. Corollary 1.7. Let p ∈ Z, q ∈ N, (G n ) n≥0 be the < p, q >-Fibonacci sequence and r = p 2 + 4q.
(1) If r is a prime, then for all integers k, n ≥ 0, r k | n if and only if r k | G n . (2) If r 4 is a prime and p = 0, then for all integers k, n ≥ 0,
Remark 1.8. More generally, for the sequence (G * n ) n≥0 defined by G * 0 = 0, G * 1 = α and G * n = pG * n−1 + qG * n−2 for all n ≥ 2,
where α, p, q ∈ Z, Theorem 1.1 (1) still holds, since (G * n ) n≥0 = (αG n ) n≥0 . This paper is organized as follows. In Section 2, we give some examples to clarify that the detailed conditions in Theorem 1.1, 1.2 and Corollary 1.3, 1.5, 1.6, 1.7 can not be omitted. Then we prove the main results in Section 3, and finally present further questions in Section 4.
EXAMPLES
In this section, we give some examples to clarify that the detailed conditions in Theorem 1.1, 1.2 and Corollary 1.3, 1.5, 1.6, 1.7 can not be omitted.
Example 2.1. Let p = q = 1, (G n ) n≥0 be the < 1, 1 >-Fibonacci sequence, r = p 2 + 4q = 5 and s = 3 ( ∤ r). Then G s = 2 and s ∤ G s . It means that the condition s | r in Theorem 1.1, 1.2, Corollary 1.5 and the condition s | 4q + 1 in Corollary 1.6 can not be omitted.
Example 2.2. Let p = 3, q = 9, (G n ) n≥0 be the < 3, 9 >-Fibonacci sequence, r = p 2 + 4q = 45 and s = 3. By G 2 = 3, we get s | G 2 but s ∤ 2. It means that:
(1) even if p is odd, s ≥ 3 is a prime s | r and 3 ∤ q + 1, the condition (p, q) = 1 in Theorem 1.1 (2) and Theorem 1.2 can not be omitted; (2) even if p is odd and s 2 | r, the condition (p, q) = 1 in Corollary 1.3 can not be omitted.
Example 2.3. Let p = 4, q = 1, (G n ) n≥0 be the < 4, 1 >-Fibonacci sequence and r = p 2 +4q = 20.
(1) Let s = 20. By simple calculation we get G 10 = 416020 and s | G 10 but s ∤ 10. It means that: 1 even if (p, q) = 1, s | r and 3 ∤ q + 1, the condition that p is odd in Theorem 1.1 (2), Theorem 1.2 and Corollary 1.5 can not be omitted; 2 even if p is even, ( p 2 , q) = 1, s | r and 3 ∤ q + 1, the condition s | r 4 in Theorem 1.1 (2), Theorem 1.2 and Corollary 1.5 can not be omitted; 3 even if (p, q) = 1, s ≥ 3 satisfies s | r and 3 ∤ q + 1, the condition that s is a prime in Theorem 1.1 (2), Theorem 1.2 and Corollary 1.5 can not be omitted. (2) Let s = 2. By G 2 = 4 we get s 2 | G 2 but s 2 ∤ 2. It means that: 1 even if (p, q) = 1, s is a prime satisfying s | r and 3 ∤ q + 1, the condition s ≥ 3 in Theorem 1.1 (2) and Corollary 1.5 can not be omitted; 2 even if (p, q) = 1 and s 2 | r, the condition that p is odd in Corollary 1.3 can not be omitted.
Example 2.4. Let p = q = 4, (G n ) n≥0 be the < 4, 4 >-Fibonacci sequence and r = p 2 + 4q = 32.
(1) Let s = 4. By G 2 = 4 we get s | G 2 but s ∤ 2. It means that even if p is even, s | r 4 and 3 ∤ q + 1, the condition ( p 2 , q) = 1 in Theorem 1.1 (2) and Theorem 1.2 can not be omitted.
(2) Let s = 2. By G 3 = 20 we get s | G 3 but s ∤ 3. It means that even if p is even and s 2 | r 4 , the condition ( p 2 , q) = 1 in Corollary 1.3 can not be omitted. Example 2.5. Let p = 5, q = 2, (G n ) n≥0 be the < 5, 2 >-Fibonacci sequence, r = p 2 + 4q = 33 and s = 3. By G 3 = 27 we get s 2 | G 3 but s 2 ∤ 3. It means that even if p is odd, (p, q) = 1, s ≥ 3 is a prime and s | r, the condition 3 ∤ q + 1 or 3 ∤ s in Theorem 1.1 (2) and the condition s 2 | r in Corollary 1.3 can not be omitted.
Example 2.6. Let p = 2, q = 5, (G n ) n≥0 be the < 2, 5 >-Fibonacci sequence, r = p 2 + 4q = 24 and s = 3. By G 3 = 9 we get s 2 | G 3 but s 2 ∤ 3. It means that:
(1) even if p is even, ( p 2 , q) = 1 and s | r 4 , the condition 3 ∤ q + 1 or 3 ∤ s in Theorem 1.1 (2) and the condition s 2 | r 4 in Corollary 1.3 can not be omitted; (2) even if s | q + 1, the condition 3 ∤ q + 1 or 3 ∤ s in Corollary 1.6 (2) can not be omitted.
Example 2.7. Let p = q = 2, (G n ) n≥0 be the < 2, 2 >-Fibonacci sequence and r = p 2 + 4q = 12.
(1) By simple calculation we get G 6 = 120 and r | G 6 but r ∤ 6. It means that the condition that r is a prime in Corollary 1.7 (1) can not be omitted.
It means that the condition s | q + 1 in Corollary 1.6 can not be omitted.
Example 2.8. Let p = 4, q = 2, (G n ) n≥0 be the < 4, 2 >-Fibonacci sequence and r = p 2 +4q = 24. Then r 4 = 6. By G 3 = 18 we get r 4 | G 3 but r 4 ∤ 3. It means that even if 4 | r and p = 0, the condition that r 4 is a prime in Corollary 1.7 (2) can not be omitted. Example 2.9. Let p = 1, q = 8, (G n ) n≥0 be the < 1, 8 >-Fibonacci sequence and s = 3. By G 3 = 9 we get s 2 | G 3 but s 2 ∤ 3. It means that even if s | 4q + 1, the condition 3 ∤ q + 1 or 3 ∤ s in Corollary 1.6 (2) can not be omitted.
Example 2.10. Let p = 0, q = 2, (G n ) n≥0 be the < 0, 2 >-Fibonacci sequence and r = p 2 + 4q = 8. Then r 4 = 2. By G 3 = 2 we get r 4 | G 3 but r 4 ∤ 3. It means that even if r 4 is a prime, the condition p = 0 in Corollary 1.7 (2) can not be omitted.
Example 2.11. Let p = 5, q = −5, (G n ) n≥0 be the < 5, −5 >-Fibonacci sequence and r = p 2 + 4q = 5. By G 2 = 5 we get r | G 2 but r ∤ 2. It means that even if q ∈ Z and r is a prime, the condition q ∈ N in Corollary 1.7 can not be omitted for the statement (1).
It means that even if q ∈ Z, r 4 is a prime and p = 0, the condition q ∈ N in Corollary 1.7 can not be omitted for the statement (2).
PROOF OF THE MAIN RESULTS
The following proposition, which says that generalized Fibonacci sequences are all divisibility sequences, follows from [7, 2.2 Proposition] (see also [2, Theorem IV]). Proposition 3.1. Let p, q ∈ Z and (G n ) n≥0 be the < p, q >-Fibonacci sequence. Then for all integers k, n ≥ 0, we have G n | G kn .
Proof of Theorem 1.1 (1) . By the Binet formula (see for examples [15, Theorem 2] and [10, 2.5 Corollary]), for all integers n ≥ 0, we have
where r can be negative and √ r is a complex number. For all integers n ≥ 0, let
Then A n and B n are both integers,
and
For all integers n ≥ 0 and s ≥ 1, by
, 1, · · · , s}, and then
In the following we prove that for all s ∈ N satisfying s | r, we have s k G n | G s k n for all integers k, n ≥ 0. Obviously we only need to consider k, n ≥ 1 and s ≥ 2. For G n = 0, by Proposition 3.1 we get G s k n = 0 and then s k G n | G s k n follows immediately. In the following it suffices to consider G n = 0, which implies B n = 0. 1 Prove sG n | G sn for all n ∈ N. i) Suppose that s is odd.
On the one hand, (3.4) implies that Bsn Bn is an integer and s | Bsn Bn (applying s | r). On the other hand, by Proposition 3.1 we get G n | G sn , which implies 2 (s−1)n | Bsn Bn . It follows from (s, 2) = 1 that s2 (s−1)n | Bsn Bn . Thus sG n | G sn . ii) Suppose that s is even. a Prove 2G n | G 2n , i.e., 2 n+1 B n | B 2n for all n ∈ N. Since (3.4) implies B 2n = 2A n B n , it suffices to prove 2 n | A n . In fact, by (3.3) we get (A n + B n √ r)(A n − B n √ r) = (p + √ r) n (p − √ r) n and then A 2 n − B 2 n r = (p 2 − r) n . It follows from r = p 2 + 4q and B n = 2 n−1 G n that
5)
Since 2 | s and s | r implies 2 | r, by r = p 2 + 4q, we get 2 | p and then 4 | r. It follows from (3.5) that 4 n | A 2 n , which is equivalent to 2 n | A n . b Prove sG n | G sn for all n ∈ N. Since s is even, there exist a, t ∈ N such that s = 2 a t where t is odd. By a we get
Thus 2 a G tn | G 2 a tn . Since t | r and t is odd, by i) we get tG n | G tn and then 2 a tG n | 2 a G tn . Therefore 2 a tG n | G 2 a tn , i.e., sG n | G sn . 2 Prove s k G n | G s k n for all n, k ∈ N. In fact, by 1 we get sG n | G sn , sG sn | G s 2 n , sG s 2 n | G s 3 n , · · · , sG s k−1 n | G s k n , which imply
Therefore s k G n | G s k n .
Proof of Theorem 1.2. (Case 1) Suppose that p is odd, (p, q) = 1 and s | r. First we prove (s, p) = 1. It suffices to prove (r, p) = 1. Let k = (r, p). Then there exist a, b ∈ Z such that r = ak and p = bk. It follows from r = p 2 + 4q that q = (a−b 2 k)k 4 . Since p is odd, k must be odd. By q ∈ N we get a−b 2 k 4 ∈ N. It follows from (p, q) = 1 that k = 1. Besides, since r = p 2 + 4q is odd, we know that s is also odd. For s = 1, the conclusions are obviously true. We only need to consider s ≥ 3 in the following.
(1) Prove that for all integers n ≥ 0, s | n if and only if s | G n .
⇒ follows directly from Theorem 1.1 (1) . ⇐ It suffices to consider n ≥ 1. Suppose s | G n . Then s | B n . Since (3.2) implies B n = np n−1 + n 3 p n−3 r + n 5 p n−5 r 2 + · · · + n n r n−1 2
if n is odd, np n−1 + n 3 p n−3 r + n 5 p n−5 r 2 + · · · + n n−1 pr n−2 2
if n is even, (3.6) it follows from s | B n and s | r that s | np n−1 . By (s, p) = 1 we get s | n.
(2) Suppose that for all t ∈ N, s ∤ t implies s 2 ∤ G st . We prove that for all integers k, n ≥ 0, s k | n if and only if s k | G n . ⇒ follows directly from Theorem 1.1 (1) .
iii) Assume that for some k ∈ N, we have already had s k+1 ∤ G s k t for all t ∈ N satisfying s ∤ t. It suffices to prove s k+2 ∤ G s k+1 t in the following by contradiction. Assume s k+2 | G s k+1 t for some t ∈ N satisfying s ∤ t. Then s k+2 | B s k+1 t . Since s is odd, by (3.4) we get
Noting that Theorem 1.1 (1) implies s k | G s k t , we get s k | B s k t and then s k+2 | B 3 s k t . By s k+2 | B s k+1 t and (3.7) we get s k+2 | sA s−1 s k t B s k t and then s k+1 | A s−1 s k t B s k t . By (s, 2) = 1 and B s k t = 2 s k t−1 G s k t , we get s k+1 | G s k t , which contradicts the inductive hypothesis. 2 Let k, n ≥ 0 be integers and suppose s k | G n . We need to prove s k | n. It suffices to consider k, n ≥ 1. Let l ≥ 0 and t ≥ 1 be integers such that n = s l t with s ∤ t. By 1 we get s l+1 ∤ G n . It follows from s k | G n that k ≤ l, which implies s k | s l t (= n). (Case 2) Suppose that p is even, ( p 2 , q) = 1 and s | r 4 . First we prove (s, p 2 ) = 1. It suffices to prove ( r 4 , p 2 ) = 1. Let k = ( r 4 , p 2 ). Then there exists a, b ∈ Z such that r 4 = ak and p 2 = bk. It follows from r = p 2 + 4q that q = (a − b 2 k)k. By ( p 2 , q) = 1 we get k = 1.
(1) Prove that for all integers n ≥ 0, s | n if and only if s | G n . ⇒ follows directly from Theorem 1.1 (1) . ⇐ It suffices to consider n ≥ 1. Suppose s | G n . By (3.1) we get
if n is odd,
if n is even.
It follows from s | G n and s | r 4 that s | n( p 2 ) n−1 . By (s, p 2 ) = 1 we get s | n.
(2) Suppose that for all t ∈ N, s ∤ t implies s 2 ∤ G st . We prove that for all k, n ≥ 0, s k | n if and only if s k | G n . ⇒ follows directly from Theorem 1.1 (1) . ⇐ 1 First we prove that for all t ∈ N such that s ∤ t, we have s k+1 ∤ G s k t for all k ≥ 0 by induction. i) For k = 0, s ∤ G t follows from (1) ⇐ . ii) For k = 1, s 2 ∤ G st follows from the condition that s ∤ t implies s 2 ∤ G st . iii) Assume that for some k ∈ N, we have already had s k+1 ∤ G s k t for all t ∈ N satisfying s ∤ t. It suffices to prove s k+2 ∤ G s k+1 t in the following by contradiction. Assume s k+2 | G s k+1 t for some t ∈ N satisfying s ∤ t. By (3.4) we get
if s is even.
(3.10)
It follows from (3.2) that
A n 2 n = n 0 ( p 2 ) n + n 2 ( p 2 ) n−2 · r 4 + · · · + n n ( r 4 ) n 2
if n is even, n 0 ( p 2 ) n + n 2 ( p 2 ) n−2 · r 4 + · · · + n n−1
if n is odd, (3.11) for all n ≥ 0, which implies that , which contradicts the inductive hypothesis. 2 In the same way as the proof of (Case 1) (2) ⇐ 2 , we know that for all integers k, n ≥ 0, s k | G n implies s k | n. (Case 3) Suppose that (p, q) = 1 and s is a prime satisfying s | r. If p is odd, the conclusions follow immediately from (Case 1). We only need to consider that p is even in the following. By (p, q) = 1 we get ( p 2 , q) = 1. Since 2 | p implies 4 | r, by s | r we get s | 2 2 · r 4 . Noting that s is a prime, it follows that s | 2 or s | r 4 . If s | r 4 , the conclusions follow immediately from (Case 2). In the following, we only need to consider s ∤ r 4 and s | 2, which imply s = 2 and 2 ∤ r 4 , i.e., 2 ∤ ( p 2 ) 2 + q. Since (p, q) = 1 and 2 | p imply 2 ∤ q, we get 2 | ( p 2 ) 2 and then 2 | p 2 . (1) Prove that for all n ≥ 0, 2 | n if and only if 2 | G n .
⇒ follows directly from Theorem 1.1 (1) . ⇐ Suppose 2 | G n . By (3.9), 2 | p 2 and 2 ∤ r 4 , we know that n must be even. (2) Suppose 2 2 ∤ G 2t for all odd t ∈ N. We prove that for all integers k, n ≥ 0, 2 k | n if and only if 2 k | G n . ⇒ follows directly from Theorem 1.1 (1) . ⇐ 1 First we prove that for all odd t ∈ N, we have 2 k+1 ∤ G 2 k t for all k ≥ 0 by induction. i) For k = 0, 2 ∤ G t follows from (1) ⇐ . ii) For k = 1, 2 2 ∤ G 2t follows from the assumption for odd t ∈ N.
iii) Assume that for some k ∈ N, we have already had 2 k+1 ∤ G 2 k t for all odd t ∈ N. It suffices to prove 2 k+2 ∤ G 2 k+1 t in the following by contradiction. Assume 
It follows from s 2 | B st and s | r that
B t = tp t−1 + c 2 (p, r, t) where r | c 2 (p, r, t), by s | r and (3.13) we get
i.e., s | p st−3 tp 2 + t 3 · r(s − 1)(s − 2) 6 .
It follows from (s, p) = 1 that
Recall the condition 3 ∤ q + 1 or 3 ∤ s. If 3 ∤ s, then 3 | s − 1 or 3 | s − 2. It follows from 3 | (s − 1)(s − 2) and 2 | (s − 1)(s − 2) that (s−1)(s−2) 6 ∈ N. By (3.14) and s | r, we get s | tp 2 . It follows from (s, p) = 1 that s | t, which contradicts s ∤ t. Thus we only consider 3 | s in the following. By (s, p) = 1 we get 3 ∤ p. There exists m ∈ Z such that p = 3m + 1 or 3m + 2. Since 3 | s implies 3 | r, we get 3 | p 2 + 4q, which is equivalent to 3 | p 2 + q. Thus 3 | (3m + 1) 2 + q or (3m + 2) 2 + q, which implies 3 | 1 + q. This contradicts the condition 3 ∤ q + 1 or 3 ∤ s. 2 Suppose that p is even, ( p 2 , q) = 1, s ∈ N satisfying s | r 4 , and 3 ∤ q + 1 or 3 ∤ s. By Theorem 1.2 (2) , it suffices to prove that for all t ∈ N satisfying s ∤ t, we have s 2 ∤ G st . (By contradiction) Assume s 2 | G st (= Bst 2 st−1 ). Recall from the proof of Theorem 1.2 (Case 2) that (s, p 2 ) = 1. By (3.4) we get
(3.15) Since (3.11) implies that At 2 t is an integer, it follows from (3.15), s 2 | G st and s | r 4 that
Noting that (3.11) implies
and (3.9) implies
by s | r 4 and (3.16) we get
It follows from (s, p 2 ) = 1 that
In a similar way as the end of 1 , the contradiction follows. 3 Suppose that (p, q) = 1, s ≥ 3 is a prime satisfying s | r, and 3 ∤ q + 1 or 3 ∤ s. If p is odd, the conclusion follows immediately from 1 . If p is even, in the same way as the proof of Theorem 1.2 (Case 3), we get ( p 2 , q) = 1 and s | r 4 by the condition s ≥ 3. Then the conclusion follows immediately from 2 . Proof of Corollary 1.6. Let q ∈ Z and s ∈ N. If (G n ) n≥0 is the < 1, q >-Fibonacci sequence and s | 4q + 1, or (G n ) n≥0 is the < 2, q >-Fibonacci sequence and s | q + 1 with q = −1, then the conclusions follow directly from Theorem 1.2 (1) and Theorem 1.1 (2) . If (G n ) n≥0 is the < 2, −1 >-Fibonacci sequence, it is straightforward to get G n = n for all n ≥ 0, and then the conclusions follow.
Proof of Corollary 1.7. Let p ∈ Z, q ∈ N and r = p 2 + 4q ≥ 4.
(1) Suppose that r is a prime. Then we have the following. 1 p is odd, since if p is even, then 4 | r will contradict that r is a prime; 2 (p, q) = 1, since (p, q) | r, r is a prime and (p, q) ≤ q < 4q ≤ r. 3 3 ∤ r, since r is a prime and r ≥ 4. By taking s = r in Theorem 1.1 (2), the conclusion follows.
(2) Suppose that 4 | r, r 4 = ( p 2 ) 2 + q is a prime and p = 0. 1 p is even, since 4 | r. 2 ( p 2 , q) = 1, since ( p 2 , q) | r 4 , r 4 is a prime and ( p 2 , q) ≤ q < r 4 . Let s = r 4 . If 3 ∤ s, the conclusion follows immediately from 1 , 2 and Theorem 1.1 (2) . We only need to consider 3 | s in the following. Since s is a prime, we get s = 3. It follows from s = ( p 2 ) 2 + q, p ∈ Z \ {0} and q ∈ N that ( p 2 ) 2 = 1 and q = 2. In order to complete the proof, by Theorem 1.2 (2) , it suffices to check that for all t ∈ N satisfying 3 ∤ t, we have 3 2 ∤ G 3t . (By contradiction) Assume 3 2 | G 3t . In the same way as the proof of Theorem 1.1 (2) 2 , we get (3.17). That is, 3 | t + t 3 . By 3 ∤ t, there exists integer m ≥ 0 such that t = 3m + 1 or 3m + 2. Thus 3 | (3m + 1) + (3m + 1) 3 or (3m + 2) + (3m + 2) 3 , which implies 3 | 1 + 1 or 2 + 8. This is impossible.
FURTHER QUESTIONS
In Theorem 1.1, 1.2 and Corollary 1.3, 1.5, 1.6, we give sufficient conditions (on p, q, r, s) for the equivalences of s | n and s | G n for all integers n ≥ 0, and s k | n and s k | G n for all integers k, n ≥ 0. What are the necessary and sufficient conditions for these equivalences?
